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ABSTRACT. The paper is related to the assessment of failure mechanisms of 
historic masonry structures suffering settlements induced by ground 
movements. Two numerical strategies are adopted in order to study the 
influence of the masonry shape and the settled zone on the cracking of 
masonry buildings: a discrete rigid block model and a continuous 
homogenized model. The first approach provides an estimate of the failure 
pattern of masonry based on the lower bound theorem of limit analysis. The 
second approach is formulated in the framework of multi-surface plasticity 
and is implemented in a finite element code for path-following non-linear 
analysis of masonry walls, described as continuous anisotropic plates. Several 
configurations of masonry walls under vertical settlement are investigated and 
the corresponding failure patterns resulting in local or global failure modes are 
presented. The results of the two models are compared and discussed in order 
to highlight pros and cons of discrete and continuous formulations in the 
prediction of settlement-induced damage of masonry structures. 
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INTRODUCTION  
 
istoric masonry structures have frequently suffered damages from ground movements and soil settlement. These 
phenomena have increased due to tunneling and underground parking excavation in urban area. Therefore, there 
is a need for developing assessment tools for the prediction of damage that should be based on a proper H 
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description of the masonry structure and its non-linear behaviour. A number of approaches for the prediction of settlement-
induced damages were proposed in the literature that consider masonry either as an assembly of discrete blocks [1-9] or as 
a continuum medium [10-19]. The comparison between discrete and continuous models to study masonry behaviour is also 
a widespread topic [20-22]. 
Aiming at comparing the outcomes of the two modelling strategies, in this study, a discrete Rigid Block Limit Analysis 
(RBLA) and a continuous Finite Element Analysis (FEA) are used. The adopted RBLA model considers the structure as a 
collection of rigid blocks interacting through no tension contact surfaces, under the assumption of infinite compressive 
strength. This model is part of the concave contact formulation, where the interaction takes place in the contact points 
located at the block vertexes. Due to the assumption of infinite compressive strength, the failure condition is reached 
through joint opening and sliding among the blocks at the contact interfaces. The adopted non-linear three-dimensional 
FEA model represents the masonry wall as an elasto-perfectly plastic homogenized Love-Kirchhoff plate [23, 24]. The 
model, formulated in the framework of multi-surface plasticity, is implemented in a FE code for the path-following analysis, 
by means of a minimization algorithm directly derived from the Haar-Karman principle. The output of such a formulation 
is represented by capacity curves derived from specific load and constrain conditions. In a previous paper [23] the authors 
carried out a comparison for masonry walls subjected to lateral forces, with the purpose of simulating the seismic behavior.  
In the present paper, the comparison is extended to the case of settlements, using appropriate loading and boundary 
conditions. More precisely, a masonry façade arranged in a running bond pattern and subjected to uniform settlement is 
investigated. Since the aim of the study is more on the prediction of the behaviour of masonry up to failure, the simplest 
simulation of the ground settlement is considered, in which part of the support moves downwards up to the attainment of 
failure in the structure. This simulation was originally proposed in [25] and supported by simple experiments to provide an 
overview of the damage pattern in existing masonry buildings. Clearly, the failure pattern strongly depends on the position 
and size of the moving support.  
The influence of the following parameters is investigated: block size and shape, joint frictional properties, width of the 
settled area. The influence of the openings and of additional live loads on the structural behavior under settlement is also 
examined. 
The results from the two numerical models are compared in terms of failure pattern induced by the settlement and 
corresponding reduction of the ground support reaction that is requested to activate the motion. 
The paper is organized as follows: the rigid block model and the formulation governing the settlement-induced collapse 
prediction are presented in the following section. Then the formulation of the homogenized anisotropic constitutive model 
adopted for FEA is briefly outlined. Finally, a case-study is presented, consisting in the façade of an historic masonry building 
and the results obtained from RBLA and FEA are illustrated and compared. 
 
 
MODELLING OF SETTLEMENT 
 
he ground movement induced settlement is numerically simulated, according to [25], by applying a vertical 
downward displacement to the ground support and detecting the displacement of the structure, considering a 
cohesionless frictional interface at the base.  The imposed displacement induces a progressive reduction of the 
vertical reaction at the base of the masonry structure, up to a limit value corresponding to the self-weight of the portion of 
the wall involved in the settlement, according to the attained failure configuration. 
The RBLA returns the expected failure pattern together with the value of the base reaction in terms of load factor (or 
collapse multiplier), expressing the reaction which activates the failure mechanism. The path-following FEA provides the 
capacity curve in term of vertical base reaction sf  versus the displacement imposed to the movable block and the strain 
pattern at each step of the analysis up to failure. 
 
 
THE RIGID BLOCK MODEL FOR LIMIT ANALYSIS 
 
he first formulation adopted deals with a rigid block model for limit analysis of historic masonry structures modelled 
as assemblages of polyhedral elements. The formulation assumes a frictional behaviour along blocks interfaces and 
considers no-tension and infinite compressive strengths at contact interfaces. The model is formulated for 3D 
assemblages and is herein used to investigate the in-plane behaviour of wall panels. 
The interaction between blocks i and i+1 is simulated by means of a concave contact formulation, where the internal forces 
are associated to the contact points k located at the corners of the interfaces j (Fig. 1). The internal forces are collected in a 
T 
T 
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vector c with normal forces   kn  and shear forces 1kt  and 2kt . The limit analysis problem for settlement-induced collapse is 
formulated in terms of a cone programming problem, in the context of the lower bound limit analysis theorem, as follows 
[3]: 
 
 
 3 2 21 2
max
s.t.
  :  μ  ,  0 k k k k kc n t t n

 
    
D SAc f f
c 
       (1) 
          
 
Figure 1: Blocks i, contact interfaces j and contact points k adopted in the rigid block model for limit analysis (a); internal contact forces 
at contact points and dead loads at blocks centroid (b).   
 
The unknowns of the optimization problem are the load factor   and the vector of internal forces c . In the problem (1), 
the first constraint represents the equilibrium condition between internal static variables associated to contact interactions 
and external loads, being A the equilibrium matrix of the rigid block model. Df  and Sf  are, respectively, the vector of dead 
loads and the vector of the support reaction at the moving support which is used to model the settlement. 
The second constraint in problem (1) represents the Coulomb failure condition and corresponds to a convex cone which is 
a function of variables 1kt , 2kt , kn  and of the friction coefficient µ. The failure mode and the relevant kinematic variables 
corresponding to the upper bound (dual) formulation of the limit analysis problem are derived from the Lagrange multipliers 
associated to the solution of the static problem (1).  
The vector of dead loads collects the gravity loads Dif  associated to the unit weight   and volume iV  of the block i in 
the wall panel (or to the permanent loads associated to floor loads). An initial value Dsf  of the dead load is also assigned to 
the additional rigid block which is used to model the moving support, and which is associated to the single degree of freedom 
governing the ground movement, i.e. the vertical displacement. As such, the vector Df  can be expressed follows:  
 
 T0 0 0 0 0iV Dif ;   T1 ... ... DsfD D Dif f f .    (2) 
 
The value Dsf  is intended to be representative of the reaction at the base support in the initial configuration (i.e. the 
configuration before settlement) and is assigned as a factor of the total weight of the model. Differently from lateral loads 
analysis, in the case of settlement analysis, a varying load  Sf  is applied to the centroid of the moving support block only. 
This load is directed downwards and is expressed as a factor of the initial value Dsf . 
As such, the vector Sf  can be expressed as follows.  
 
 T0 ... 0 ... ,Dsf Sf          (3) 
 
and the magnitude of the reaction at the moving support corresponding to the onset of the failure mechanism is  1 Dsf  
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The formulation is able to consider both associative and non-associative flow rules for the frictional behaviour at contact 
interfaces. When an associative behaviour is considered, the sliding at contact points involves both normal and tangential 
displacement rates. In such a case, the value of the load factor represents an upper bound on the non-associative collapse 
multiplier. 
A simple iterative solution procedure was implemented to consider non-associative behaviour as well, where the failure at 
contact interfaces does not involve dilatancy. The iterative procedure solves the cone programming problem described in 
(1) by means of fictious failure conditions which involve zero dilatancy behaviour. For more details, the reader is referred 
to [3].  
 
 
THE HOMOGENIZED CONTINUUM MODEL FOR FINITE ELEMENT ANALYSIS 
 
he second constitutive model is an elasto-perfectly plastic homogenized plate model for the path-following finite 
element non-linear analysis of masonry panels subject to both in–plane and out-of-plane loads [24, 26, 27]. 
According to the above referenced works, the elastic domain for the panel is assumed to coincide with the 
macroscopic strength condition defined in [27], derived by a homogenization procedure applied to a thin and periodic 
heterogeneous plate, made of 3D infinitely resistant blocks connected by Mohr-Coulomb interfaces obeying an associated 
flow rule. Since the domain so defined is no-smooth multi-surface domain, the model is formulated in the framework of 
infinitesimal multi-surface rate-independent plasticity. In the following, the only definition of the elastic domain is reported 
in the way to express the parameters on which it depends. For further details, the readers can refer to [24, 27]. 
The macroscopic elastic domain assumes the following form: 
 
    t:=( , )| , : : : 0      1,..,i itE f c i m      N M N M N E M χ     (4) 
 
where N, M and , E χ  are the vectors collecting the in-plane and the out-of-plane stresses and the strains, while fi(t) are 
the following m=8 independent planes, intersecting in a non-smooth way:  
 
     1 2 11 22 12: μ 1 μ 0b bf N tg N tg N        
  
 
3 4
22 12
1: 0f N N
tg 
     
 
5 6
22 22
2: 0f N M
h
             (5) 
 
    7 8 22 11 222 2: 0f p q N M q p Mh h        
 
with 
 
    2                 1μ 4 μ 4b b
tg tgb bp q
h h
                (6) 
 
The elastic domain depends explicitly on the friction angle  of the joints, on the aspect ratio 2μb ab  of the blocks, being 
a the height and b the width of the blocks, and on the thickness h of the plate. It is anisotropic as a consequence of the 
arrangement of the blocks within the assembly and it is unbounded in the direction of compression [24, 27]. In the present 
work, in-plane actions only are considered, while the effectiveness of the plate model under out-of-plane loads has been 
shown in other recent works [23, 24]. 
 
T 
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THE CASE STUDY OF A MASONRY FAÇADE SUBJECTED TO SETTLEMENT 
 
n this section, the numerical case study of a masonry façade subject to settlement is presented. The configuration and 
size of the façade are inspired to tuff masonry buildings in the area of Naples, Italy, dating back to XVIII century [28]. 
The façade consists of two stories with overall height of 12.0 m, length of 20.0 m and thickness equal to 0.5 m (Fig. 
2). A first analysis considers the façade without openings, while the subsequent analyses take into account the presence of 
two levels of openings with the goal of evaluating their effects on the settlement-induced failure mode. In the case of façade 
with openings, the lintels were modelled in order to reproduce the pattern and the effect of flat arches: blocks with an 
inclination angle of the head joints for RBLA, and material with corresponding bed joints orientation for FEA are adopted, 
as indicated in Figs. 2(b) and 2(d).  
  
Figure 2: The case study of a masonry façade subject to settlement: the front side of the building (a), Rigid Block Model (b), Finite 
Element Model (c), and modeling details for the lintel (d). 
 
It should be noted that the inclination of the joints in the lintels might affect the response of the investigated wall panels, 
especially if sliding failure is also taken into account, as it was in the present case. However, the analysis of the influence of 
the inclination angle and of the friction coefficient was out of the scope of the present study. 
A parametric analysis is carried out to investigate the response when changing the width of ground settlement (Fig. 3), the 
block size and shape, the load provided by the slabs over the wall, and the presence of openings, as mentioned above. 
Based on the parameters selected, either a local or a global failure mode is activated: the local failure is characterized by a 
uniform vertical displacement of the wedge located over the movable support, which detaches form the wall and fail 
according to a rigid body translation; the global failure mode is characterized by a more complex failure pattern, involving 
a greater portion of the wall and combining displacements and rotations of the block units. 
According to [25], three movable ground support lengths are considered, namely short, medium and long settlement, 
corresponding respectively to 33%, 83% and 117% of the front height and to the 20%, 50% and 70% of the total length of 
the façade (Fig. 3). 
Two masonry types are introduced aiming at studying to what extent the block shape could affect the failure pattern. The 
masonry tuff stones used in Naples during the modern and contemporary ages have been considered.  The first tuff block 
shape, which is typical of the first decades of the XIX century, has height in the range 13-21 cm and height-to-length ratio 
equal to 1:2. The second tuff block shape, used in Naples at the end of the XVIII century, has height in the range 11-14 cm 
and length in the range 25-30 cm. Accordingly, both the discrete and the continuous model have considered blocks with 25 
I 
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cm height and 40 cm length (1st typology) and 12 cm height and 25 cm length (2nd typology). The mechanical properties 
have kept constant for both typologies: weight per unit volume equal to 16 kN/m3 and friction coefficient equal to 0.6. 
In the case of the RBLA model, two different assumptions were adopted at the contact interfaces: a non-associative 
behaviour with no friction on the vertical interfaces (type A), and an associative behaviour with finite friction on the vertical 
interfaces (type B). It should be noted that the results obtained from the FEA model are consistent with type B assumption, 
being related to an associative behaviour and to the use of the same value of the friction coefficient on vertical and horizontal 
contact interfaces.   
 
 
Figure 3: The settlement configurations on the base of movable support block length: short settlement (a), medium settlement (b) and 
long settlement (c). 
 
 
Figure 4: Failure modes of the façade without openings subjected to short settlement and for the two block sizes (40x25 cm first row 
and 25x12 cm second row). (a), (d): RBLA non-associative solution with no friction on vertical contacts (Type A); (b), (e): RBLA 
associative solution with friction on vertical contacts (Type B); (c), (f): FEA associative solutions.  
 
The façade without openings 
The first case study consists in the façade with no openings described in the previous section. The two block stone types 
are adopted with both the numerical models. In the case of rigid block model, when a 40x25 cm block sizes (corresponding 
to 1.25b   for the FEA) is used, the model is made by an assemblage of 2425 rigid blocks and 28684 contact points, 
while,  when a 25x12 cm block size (corresponding to 0.96b   for the FEA) is adopted, the model consists of 8050 blocks 
and 95800 contact points. For the FEA, the masonry panel is discretized by 10720 triangular shell elements. 
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The masonry wall is involved in a short, a medium and a long settlement. In the case of rigid block model, both the vertical 
contact cases described in the previous section are considered: the case with the same friction behaviour for the vertical and 
the horizontal interfaces and the case where the vertical contacts have a friction coefficient equal to zero.  
Fig.4 shows the failure mechanisms derived from the simulation with the RBLA and the principal plastic strain pattern at 
failure for FEA, for both the block typologies, in the case of short settlement. According to [25], as results of all the 
numerical simulations only the lower part of the façade over the moving support is involved in the settlement showing a 
local failure mechanism. For the RBLA, in the case of ‘Type A’ contact interfaces, the failure mechanism is characterized 
by a slight more localized fracture than for the ‘Type B’ contact interfaces. The continuous FEA solution is in good 
accordance with the discrete one. The adoption of different block dimensions, in this specific case, involved only small 
changes in failure mechanisms. 
Tabs. 1, 2, 3 collect the values of vertical reaction at failure at the base of the masonry structure involved in the settlement 
for both the numerical models in the case of short, medium and long settlement, respectively. In the same Table, the CPU 
time for the analyses are reported. It is worth noting that, in order to compare the CPU time, all the analyses were carried 
out on the same hardware, that is using a 4.0 GHz Intel Core i7-6700 k Processor with 32.0 GB of RAM and, in the case of 
finite element path-following analysis, the CPU time for a single step analysis is expressed.  
 
Block 
size [cm] 
ρ 
[kN/m3] 
µ 
[-] 
RB with no friction on 
vertical contacts (Type A)
RB with friction on 
vertical contacts (Type B) Finite Element Model 
   fs [kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
40x25 
16 0.6 
83.79 17.68 66.30 25.48 88.43 81.50 
25x12 64.46 130.87 55.20 134.77 81.03 77,.70 
 
Table 1:  Base reaction and CPU Time in the case of the façade without openings subjected to short settlements. 
 
Block 
size [cm] 
ρ 
[kN/m3] 
µ 
[-] 
RB with no friction on 
vertical contacts (Type A)
RB with friction on 
vertical contacts (Type B) Finite Element Model 
   fs [kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
40x25 
16 0.6 
515.18 50.75 428.79 7.95 532.01 70.09 
25x12 488.32 613.26 423.99 54.24 534.11 71.30 
 
Table 2: Base reaction and CPU Time in the case of the façade without openings subjected to medium settlements. 
 
Block 
size [cm] 
ρ 
[kN/m3] 
µ 
[-] 
RB with no friction on 
vertical contacts (Type A)
RB with friction on 
vertical contacts (Type B) Finite Element Model 
   fs [kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
40x25 
16 0.6 
892.30 23.94 753.70 8.72 909,83 78.04 
25x12 847.33 652.83 767.98 52.20 909.68 75.03 
 
Table 3: Base reaction and CPU Time in the case of the façade without openings subjected to long settlements. 
 
In Figs. 5-7-9, the evolution of the vertical reaction at the base of the masonry structure, during the path-following analysis, 
versus the vertical displacement applied to the movable block for the FEA is represented using a semi-logarithmic scale, in 
the case of short, medium and long settlements, respectively. In the same figures, the results in term of vertical reaction for 
the RBLA are also reported. For the RBLA, when the friction on the vertical contact interfaces is not involved, the value of 
the reaction at failure is greater than that provided by the same non-linear model when the friction in the vertical contacts 
interfaces is involved. It is worth noting that the value for the vertical reaction provided by the homogenized FEA is an 
upper bound for both the solution provided by the RBLA. This is not surprising as the FEA is based on the homogenization 
theory, where the characteristic size of the block (its height or width) has to be small enough when compared with the 
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characteristic length of the problem, such as the wall’s height or width [23]. A slight difference in terms of reaction at the 
base of the masonry panel in case of the two adopted block typologies is observed for both the model, to 40x25 block size 
corresponds a slight greater reaction at failure than that corresponding to the case of 25x12 block size. 
 
 
Figure 5: Evolution of the reaction at the base of the masonry structure involved in the settlement vs. imposed displacement in the case 
of the façade without openings subjected to short settlement: 40x25 block size (a) and 25x12 block size (b). 
 
Fig.6 shows the failure mechanisms derived from the simulation with the RBLA and the principal plastic strain pattern at 
failure for FEA for both the block sizes considered, in the case of medium settlement. As observed in Fig.6 a-c-d-f), the 
upper part of the wall shows a vertical crack while in the lower part a diagonal crack develops. This failure pattern is a typical 
global failure mode, derived from the combination of displacements and rotations of the block units, for the medium 
settlement [25]. It is worth noting that both the models are able to capture this key element in the masonry behaviour with 
the only exception for the RBLA in the case of the ‘type B’ contact interface, where a more local behaviour is returned from 
the numerical analysis. Also in this case, the block size does not change significantly the shape of mechanism, for both the 
numerical models. 
 
a) b) c)
d) e) f)
 
Figure 6:  Failure modes of the façade without openings subjected to medium settlement and for the two block sizes (40x25 cm first 
row and 25x12 cm second row). (a), (d): RBLA non-associative solution with no friction on vertical contacts (Type A); (b), (e): RBLA 
associative solution with friction on vertical contacts (Type B); (c), (f): FEA associative solutions. 
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Figure 7: Evolution of the reaction at the base of the masonry structure involved in the settlement vs imposed displacement in the case 
of the façade without openings subjected to medium settlement: 40x25 block size (a) and 25x12 block size (b). 
 
Fig.8 shows the failure mechanisms derived from the simulation with the RBLA and the principal plastic strain pattern at 
failure for FEA for both the block typologies in the case of long settlement. All numerical simulations provide a failure 
pattern with a diagonal crack developing from the left end side of the moving support up to the upper edge of the wall 
dividing the masonry wall into two parts, except to for the results obtained from the RBLA in the case of contact type A 
and 25x12 block size (Fig.8d), where a more vertical crack is observed at failure. Really, this last failure mode should be 
expected according to [25], and such a discrepancy is probably due to the simple way adopted for the simulation of the 
ground settlement.  
 
 
 
Figure 8: Failure modes of the façade without openings subjected to long settlement and for the two block sizes (40x25 cm first row 
and 25x12 cm second row). (a), (d): RBLA non-associative solution with no friction on vertical contacts (Type A); (b), (e): RBLA 
associative solution with friction on vertical contacts (Type B); (c), (f): FEA associative solutions. 
 
In general, it should be noted that, in contrast to the homogenization assumptions, where closer results are expected when 
the size of the rigid blocks is small, the analyses show a better convergence of FEA and RBLA when larger blocks are used. 
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It should be also noted that FEA results are closer to the Type A behaviour of the rigid block model, although the same 
friction coefficient is used in FEA model for horizontal and vertical contacts. On one side, this discrepancy can be ascribed 
to the different aspect ratios, i.e. the height to width ratio of the blocks, which were adopted for the two block dimensions. 
This might have affected the expected convergence behaviour, which instead should be observed when the same aspect 
ratio is used. Moreover, slightly different failure mechanisms were observed in the rigid block model when Type A and Type 
B behaviours are considered for sliding failure.  
A set of numerical analyses to consider the effects of distributed loads corresponding to the floors were also carried out. 
The loads were applied on courses at 6.00 and 12.00m height and a magnitude of 24.0 kN/m was considered. The results 
showed that the failure mechanisms are not affected by the floor loads. As for the reactions at the moving supports, the 
comparison of RB and FE models showed a similar response to those presented for previous cases, with different 
magnitudes associated to the imposed loads. 
 
The façade with openings 
The second case study is represented by the façade with openings on the front, above described, subject to settlements. 
Also in this case, the same two block typologies are used in this application. In the case of rigid block model, when a 40x25 
cm block size is used, the model is made by an assemblage of 2148 rigid blocks and 24608 contact points, while, when a 
25x12 cm block size is adopted, the model consists of 7156 blocks and 83520 contact points. For the FEA model, the 
masonry panel is discretized by 7446 shell elements.  
The masonry walls are involved, also in this case, in a short, a medium and a long settlement and, for rigid block model, 
both the vertical contact type, A and B, are considered.  
Fig.10 shows the failure mechanisms derived from the simulation with the RBLA and the principal plastic strain pattern at 
failure for FE analyses for both the block typologies in the case of short settlement. The presence of the openings changes 
the structural response to the short settlement. The part of the façade involved into the mechanism at failure is the portion 
of the wall over the moving support with the development of cracks above the two openings.  
As observed from the results, the mechanism is not strong influenced by the contact type adopted and a good matching 
between FE and RB models can be observed. Further the size block only affects in a slight way the results. 
 
 
 
 
Figure 9: Evolution of the reaction at the base of the masonry structure involved in the settlement vs imposed displacement in the case 
of the façade without openings subjected to long settlement: 40x25 block size (a) and 25x12 block size (b). 
 
 
Tabs. 4, 5, 6 collect the values of vertical reaction at failure at the base of the masonry structure involved in the settlement 
for both the numerical models in the case of short, medium and long settlement, respectively. In the same Table, the CPU 
time for the analyses are reported.  
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a) b)
d) e)
c)
f)  
Figure 10: Failure modes of the façade with openings subjected to short settlement and for the two block sizes (40x25 cm first row and 
25x12 cm second row). (a), (d): RBLA non-associative solution with no friction on vertical contacts (Type A); (b), (e): RBLA associative 
solution with friction on vertical contacts (Type B); (c), (f): FE associative solutions. 
 
 
Block 
size [cm] 
ρ 
[kN/m3] 
µ 
[-] 
RB with no friction on 
vertical contacts (Type A)
RB with friction on 
vertical contacts (Type B) Finite Element Model 
   fs [kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
40x25 
16 0.6 
278.46 21.83 259.60 4.03 288.31 87.32 
25x12 273.66 397.06 251.85 29.30 279.41 88.51 
 
Table 4: Base reaction and CPU Time in the case of the façade with openings subjected to short settlements. 
 
 
Block 
size [cm] 
ρ 
[kN/m3] 
µ 
[-] 
RB with no friction on 
vertical contacts (Type A)
RB with friction on 
vertical contacts (Type B) Finite Element Model 
   fs [kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
40x25 
16 0.6 
638.05 47.45 604.67 4.42 668.01 85.31 
25x12 644.73 233.12 610.34 40.43 665.06 89.21 
 
Table 5: Base reaction and CPU Time in the case of the façade with openings subjected to medium settlements. 
 
 
Block 
size [cm] 
ρ 
[kN/m3] 
µ 
[-] 
RB with no friction on 
vertical contacts (Type A)
RB with friction on 
vertical contacts (Type B) Finite Element Model 
   fs [kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
fs 
[kN] 
CPU Time 
[s] 
40x25 
16 0.6 
873.30 14.04 734.92 5.50 890.31 81.25 
25x12 808.60 575.01 745.14 43.42 877.51 78.61 
 
Table 6: Base reaction and CPU Time in the case of the façade with openings subjected to long settlements. 
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In Fisg.11-13-15, the evolution of the vertical reaction at the base of the masonry structure, during the path-following 
analysis, versus the vertical displacement applied to the movable block for the FE model is represented using a 
semilogarithmic scale, in the case of short, medium and long settlements, respectively. In the same figures, the results in 
term of vertical reaction for the RBLA are also reported.  The same considerations for the case of façade without openings 
are still valid: for the RBLA, when the friction on the vertical contact interfaces is not involved, the value of the reaction at 
the base of the movable support is greater than that provided by the same non-linear model when the friction in the vertical 
contacts interfaces is involved; when RBLA and FEA are compared in term of vertical reaction at the base of the masonry 
panel, the value for the reaction provided by the homogenized FEA model is an upper bound for values provided by the 
RBLA.  
 
 
 
Figure 11: Evolution of the reaction at the base of the masonry structure involved in the settlement vs imposed displacement in the case 
of the façade with openings subjected to short settlement: 40x25 block size (a) and 25x12 block size (b). 
 
 
 
 
Figure 12: Failure modes of the façade with openings subjected to medium settlement and for the two block sizes (40x25 cm first row 
and 25x12 cm second row). (a), (d): RBLA non-associative solution with no friction on vertical contacts (Type A); (b), (e): RBLA 
associative solution with friction on vertical contacts (Type B); (c), (f): FEA associative solutions. 
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Fig.12 shows the failure mechanisms derived from the simulation with the RBLA and the principal plastic strain pattern at 
failure for FEA for both the block typologies in the case of medium settlement. The failure pattern is mainly characterized 
by a diagonal crack above the two central openings, in the case of RBLA with contact type B and FEA. When contact type 
A for RBLA is adopted a diagonal crack above the central opening at the first floor develops up to the second floor. The 
block typology affects only in a slight way the results: when 25x12 block size is adopted, more localized fractures than for 
40x25 cm block size, develops.  
 
 
Figure 13: Evolution of the reaction at the base of the masonry structure involved in the settlement vs imposed displacement in the case 
of the façade with openings subjected to medium settlement: 40x25 block size (a) and 25x12 block size (b). 
 
Finally, Fig.14 shows the failure mechanisms derived from the simulation with the RBLA and the principal plastic strain 
pattern at failure for FEA for both the block typologies in the case of long settlement. Failure pattern, for both RBLA and 
FEM, is characterized by a diagonal crack from the end side of the movable block up to central opening at the second floor 
and by a diagonal crack above the same opening. In this case, the size block does not affect the failure mode.  
 
 
Figure 14: Failure modes of the façade with openings subjected to long settlement and for the two block sizes (40x25 cm first row and 
25x12 cm second row). (a), (d): RBLA non-associative solution with no friction on vertical contacts (Type A); (b), (e): RBLA associative 
solution with friction on vertical contacts (Type B); (c), (f): FEA associative solutions. 
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Figure 15: Reactions at the moving support in the case of the façade with openings subjected to long settlement: 40x25 block size (a) 
and 25x12 block size (b). 
 
As for the effects of floor loads, also in this case we observed similar results in terms of failure modes to those obtained on 
the wall panel subjected to self-weight only.  
 
Finally, in order to show the computational efficiency of the implemented modelling approaches, the CPU Time per Hertz 
is reported in Fig. 16 when varying the blocks number. The figure shows that the most demanding approach is represented 
by the RBLA – Type A model in the case of a 25x12 cm block size (corresponding to 8050 blocks). This is due to the fact 
that in the case of Type A model a non-associative behaviour is assumed. In such a case, the solution of the implemented 
iterative procedure to obtain zero-dilatancy sliding behaviour involves larger CPU time. 
 
 
Figure 16: The effect of the block number on the CPU Time per Hertz. 
 
 
CONCLUSIONS 
 
he results of a comparative study on the failure pattern of historic masonry walls subjected to settlements were 
presented. Two numerical formulations were used in order to investigate the behaviour of masonry panels subjected 
to ground movements: a rigid block model based on a contact point interfaces and an elastic perfectly plastic 
homogenized plate model.  
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The comparison showed a good agreement of the two approaches in the prediction of the failure mode and in the reduction 
of the reaction at the foundation that activates the failure mechanism, when varying the shape of the masonry units, the wall 
openings and the width of the settled area. 
The analysis revealed that the failure mode is only slightly affected by the loads provided by the floors, while is strongly 
affected by the presence and disposition of openings and by the width of the settled area. Depending on the width of the 
moving support, the failure mechanism turns from local (i.e. affecting a limited part of the wall) to global (i.e. interesting all 
the wall). The numerical results of both approaches are in a good agreement with the experimental outcomes reported in 
the literature [25], showing the appearance of a diagonal and vertical crack patterns.  Some non-negligible differences were 
found in the case of long settlements, where the models predict diagonal cracks from the side of the moving support to the 
upper edge of the wall, instead of vertical cracks, as expected. Such a discrepancy can be ascribed to the rough simulation 
of the ground settlement, consisting in a uniform vertical displacement at the moving support.   
The results also showed that the value of the vertical reaction which activates the failure mechanism, provided by the 
homogenized FEA represents an upper bound for the solutions provided by the RBLA. This is not surprising since, 
according to the homogenization theory, the continuum approach provides reliable results when the size of the block is 
small enough when compared with the characteristic length of the problem (i.e. the wall’s height or width). 
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NOMENCLATURE 
 
α   collapse load multiplier 
A   equilibrium matrix 
c    vector of contact forces 
fD  vector of dead loads 
fS   vector of reaction at the moving support 
μ   friction coefficient 
kn    normal force component at contact point k 
1kt    shear force component at contact point k along local coordinate axis 1  
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2kt   shear force component at contact point k along local coordinate axis 2  
ρ   unit weight  
t vector collecting the in-plane and the out-of-plane stresses  
N vector collecting the in-plane stresses  
M vector collecting the out-of-plane stresses  
E vector collecting the in-plane strains 
Χ vector collecting the out-of-plane strains 
μb aspect ratio of the blocks 
h thickness of the plate 
 joint friction 
a height of the block  
b width of the block 
 
